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Abstract

For the nonholonomic elastic-plastic problem under a given external action history over a time interval,
an extremal formulation is given in terms of the complete solution over the whole interval. The assumed
elastic-plastic behaviour is of the associated type with piecewise linearized yield surface and linear hardening.

When the loading history is reduced to an infinitesimal increment of the external actions (incremental
problem) or when the material behaviour is assumed to be of the holonomic type (finite holonomic step)
problem, the functional of the extremal formulation may be split into the sum of two other simpler functionals
(previously introduced) whose minimum, for both of them, gives the problem sol uti on under less constraints
than in the original problem.

For general non-holonomic loading histories the above splitting is shown to be still possible when a
particular change of the complementarity condition of the constitutive law is comidered, which leads to a
new class of holonomic problems.

It is shown that some problems of this new class, together with a suitable time discretization, represent
the schematization of the original problem corresponding to well known numerical integration schemes.

1998 Elsevier Science Ltd, All rights reserved.

I. Introduction

All the classical extremum principles of the theory of plasticity refer mainly to two formulations
of the actual elastic-plastic initial/boundary value problem. The first one is referred to as the
incremental problem, aiming at the solution of a continuum problem for infinitesimal increments
of the external actions. The second one is generally referred to as a finite holonomic problem
dealing with the elastic-plastic response to finite increments of the external actions under the path­
independence (holonomy) assumption for the constitutive law (deformation theory of plasticity).
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The solution of the elastic-plastic initial/boundary value problem, under a given history of
external actions, requires following the evolution of the body response. This occurs because the
constitutive elastic-plastic law is intrinsically path-dependent or non-holonomic. This response, in
terms of displacements, strains, stresses and plastic multipliers, must be evaluated in every point
of the body and for every time instant within an assigned time interval, in which the external
actions are prescribed; from a numerical point of view this requires correspondingly a space and
time discretization.

The time discretization is usually based on a preliminary sub-division of the external action
history into a sequence of loading conditions at prescribed time instant~. These are normally
chosen in such a way that the external action variation over each time interval is not far from
linear and such that, inside the step, the behaviour may be considered as path-independent (or
holonomic) with an expected good approximation. Examples of time-integration strategies are:
the multistage method with piecewise linear yield functions (De Donato and Maier, 1972 and
1973), the forward Euler scheme, the generalized trapezoidal rule, the generalized mid-point rule
and the backward-difference method (see e.g. Ortiz and Popov, 1985; Simo and Taylor, 1985; Simo
etal.,1988).

It is worth noting that a time integration scheme corresponds to a particular approximation of
the original non-holonomic material behaviour by means of a holonomic model. In this way the
solution of the original problem is transformed into the solution of a sequence of holonomic
problems, for each of which, however, the existence of the variational formulation is no longer
guaranteed so that the evaluation of some important properties (such as stability, convergence
and accuracy of the solution) may be difficult.

Therefore, many attempts were made by different authors (see e.g. Maier, 1969a; Ponter and
Martin, 1972; Franchi and Genna, 1984; Martin, 1989; Borino et aI., 1989) in order to give a
rational energetic base to the time integration methods. Ponter and Martin (1972), proposed the
concept of minimum energy strain path, equivalent to a constitutive model in which plastic strain
rates follow a linear path in strain space between two given strain points, a path minimizing plastic
dissipation with respect to other paths joining the given strain points (Reddy et aI., 1986). In this
way, the backward difference method has been shown to possess variational consistency (Martin,
1989). Franchi and Genna (1984) were the first to identify the minimum pnnciple whose solution
corresponded to the solution given by a numerical method (Initial Stress). A more general point
of view is introduced by Borino et al. (1989): in fact they suggest a consistent time discretization
procedure, based on the maximum intrinsic dissipation theorem, in order to transform the original
initial/boundary value problem into a set of boundary value problems (one for every step) of
holonomic plasticity.

In this context, the present paper proposes and develops an a priori approximation of the
material behaviour envisaged in the original non-holonomic finite step boundary value problem,
with the following advantages (with respect to the above approach where the material behaviour
of the approximate solution was dependent from the time integration scheme adopted): (a) an a
priori direct control over the approximation of the material behaviour in the original non-holon­
omic problem; (b) the existence of a variational formulation of the approximate problem as proved
in Section 4; (c) the possibility, by virtue of statement (b), to easily evaluate the stability, the
convergence and the accuracy of the numerical solution procedure.

The above mentioned a priori direct control of the material behaviour is achieved using a
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particular change, through a suitable weight function, of the complementarity conditions of the
elastic~plasticconstitutive law. Section 4 shows that the functional to be minimized for finding the
solution can be split into the sum of simpler functionals, the minima of which characterize the
approximate holonomic elastic~plasticsolution. In particular, the changes of the complementarity
condition of the constitutive law are shown which correspond to well known classical time
integration schemes of the original non-holonomic problem.

For the sake of simplicity, the elastic~plasticpiecewise linearized constitutive laws (Maier, 1970a;
De Donato, 1974; Hodge, 1976) will be referred to.

2. Finite-step problem formulation

Consider an elastic-plastic solid which occupies a volume Q with the smooth boundary
r = r ll urI" r II and rl' denoting the parts of the surface where displacements and surface tractions
are prescribed. respectively. A triaxial orthogonal Cartesian reference system Xi (i = 1,2,3) is
adopted. Volume forces Fjl +Fi(t) and prescribed strains (1;j +Oij(t) in Q, prescribed displacements
wi(t) on r ll and surface forces pj! +p;(t) on rl" are given for any instant 0 ~ t ~ T through known
time functions where Fj!. og, pj! are the external actions at time t = 0 and F;(t) , Oij(t), p;(t) are
known finite increments of the external actions at time t. Denoting with ui(t) and l'ij(t) the
displacement and strain fields, respectively, let us assume the initial configuration at time t = 0 as
reference configuration, therefore ui(t = 0) = 0, og = 0 and Sil(t = 0) = O. Moreover we denote the
stresses as a;j+ tTi/t) and the plastic multipliers as ;.~ +t(t) where ag and A~ are the (assumed
known) stresses and plastic multipliers at time t = O. respectively, while i7 i)t) and ~a(t) represent
the unknown finite increments of stresses and plastic multipliers at time t, respectively; Fj! and pj!
are assumed to be in equilibrium with the stresses ago

The incremental stress, strain and displacement space-time functions i7,iXko t), £il\'"k' t) and
ii,(xko t) are to be determined in the volume Q and in the time interval f!.T = [0. T]. .

The assumption is made of small displacements and of elastic~plastic behaviour described by
piecewise linearized yield surface with associated flow rule and linear hardening (Maier, 1970a; De
Donato, 1974; Hodge, 1976) (see Fig. 1). Then, denoting with n; the unit outward normal vector
to r, the set of all the governing equations (equilibrium, compatibility, constitutive law) of the
problem, denoted in the following as finite-step problem f!.P, reads (the repeated indices summation
convention is adopted. except for Greek indices):

Problem /!iP (2.1 )--(2.11)

ii; = w, on r ll x f!.T

tTij.j+ F; = 0 in Q x f!.T

tTijnj=Pi onrl'x/!iT

(2.1 )

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

inQxf!.T_ 1(_ +_)Cij = .; Ui.j tij.;
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(a) (b)

Isotropic hardening

(c)
Kinematic hardening

(d)

Koiter's hardening

(e)
Fig. I. (a)-(b) The piecewise linearization of the yield surface with a (a = I, ... , m) planes being Nx'i the relevant outward
normal unit vectors and rx the distance of each plane from the origin at the virgin state. (c)-(e> Some common hardening
yield surface evolutions depending on the choice of the yield plane interaction matrix H X1i (Maier, 1970a).

(IY., f3 = 1, ... , m) (2.7)

(2.8)

(2.9)

(2.10)

(2.11 )

where a superimposed dot means derivative with respect to time t.
Equations (2.1)~(2.2) and (2.3)-(2.4) express the incremental equilibrium and compatibility,
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respectively. Equation (2.5) defines the elastic part of the constitutive law, D iihk = C;fhl being the
elastic moduli tensor. DUhk is assumed with the usual properties of symmetry and positive defi­
niteness. Equation (2.6) states the additivity of the elastic c:;, plastic cD and inelastic (prescribed)
(Jij strains. Equation (2.7) defines the piecewise linearized yield surface in the stress space, m being
the number of planes 4>, = 0, N,u the relevant outward normal unit vectors, r, the distance of each
plane from the origin at the material virgin state. H'II is the yield plane interaction matrix describing
the hardening law, ;., represents the plastic multipliers and </>~ = N,ij(J;~ - "£IIHaflA~ - r, the value of
4>, at the initial time t = O. In the following N,u' r, and H,p are assumed to be constant with respect
to the time variable t, and, besides, H'II is assumed positive semidefinite. Equation (2.8) expresses
the associated flow law (normality) while eqns (2.9)-(2.11) express the loading-unloading criterion
(Prager's consistency rule); eqn (2.11) is often called complementarity rule.

Using the above piecewise linearization, any yield surface can be easily approximated with the
requested degree of accuracy; by a suitable choice of the H'II yield plane interaction matrix, the
most common hardening yield surface evolutions can be represented (see e.g. Maier, 1970a; De
Donato, 1974; Hodge, 1976) (see Fig. I).

In the following the time interval ~T is always conceived as a time step within an assigned bigger
time interval .'T = [To, Tt] where the solution is sought. The problem of determining the elastic­
plastic response in the whole interval .'T, will be denoted as problem P. Throughout the paper we
will mainly consider the finite-step problem ~p and its approximation. Only in Sections 3.3 and 6
the elastic-plastic problem P, in the whole time interval .'T, will be considered. For the sake of
simplicity, the lower and upper limits of the time interval ~T will be taken (as already assumed
above) as 0 and T, respectively, which it is always possible to lead back to with a suitable change
of time variable.

3. Approximate time integration of the initial/boundary value problem

3.1. Remarks on time discretization and problem ref(mnulation

Usually the whole time interval .Y, where the solution is sought, is subdivided into a given
number of pre-defined subintervals in each of which, whatever numerical integration algorithm is
used, the step problem always amounts to a deformation theory or holonomic plasticity problem
(Borino et al., 1989).

From the numerical point of view this suggests making an a priori approximation of the original
non-holonomic finite-step problem ~P (eqns (2.1)--(2.11» by other ones of the holonomic type,
which will be simpler, easier to handle (see Section 4) and able to allow for the time discretization
of the problem with a Ritz-type technique (see Section 5). Denoting with unbarred symbols the
variables relevant to the solution of these new finite-step holonomic type problems, their for­
mulation may be easily obtained by substituting the complementarity condition eqn (2.11) with
the following one:

</>,(t) LT S(t,r),tCt")dT = 0 VtE~T (3.1 )
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where, among all possible weight functions Set, r), only those satisfying the following relations are
considered:

as(t, r)
- ---;")- == R(t, r) = R(r, t)

(,r

f
TfT

s(t, r) ;:::::: 0 Vt,r E I1T; Set, r) dr dt > 0
o 0

fTf/R(t, r)v(t)v(r) dtdr ;:::::: 0 Vv(t) =I=- 0
o 0

Set, T) == 0

(3.2)

(3.3)

(3.4)

(3.5)

being vet) any time function for which the integral ofrelation eqn (3.4) makes sense.
Then the set of the governing equations of the above finite-step holonomic type problem

(Problem I1P) becomes:

Problem I1P (3.6)-(3.16)

(fii.i+Fi = 0 inQxl1T

(fijn, = Pi on I p x I1T

cij = ~ (U i. i+uiJ in Q x 11 T

Ui = Wi on 111 x 11 T

cjJ,(t) fTSet, r)),,(r) dr = 0 VtEI1T.
o

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11 )

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

The choice of the weight function S(t, r) and the relevant constraints (3.1)-(3.5) will be seen
(Sections 3.3, 3.4 and 4) to playa fundamental role on the accuracy, on the contractivity and on
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the extremal properties of the solution of the approximate problem I1P and seem to strengthen the
interest for the kind of approximation here introduced.

3.2. The choice of weight function S: some examples

An infinite number of functions exists which satisfy the conditions (3.2)-(3.5). Examples of such
functions below.

Example 1 [see Fig. 2(a) and 2(b)].

St(t,T) = ~[exp (~)-exp (~r2)J

The complementarity condition, by integration by part, becomes:

cPx(t) f: exp (~r2) Aa(r) dr = O.

Example 2 [see Fig. 2(c) and 2(d)].

S2(t,r) = (1-~)exP(I-~-~+~r2).

For this example the complementarity condition reads:

cPx(t) f' [1+ ( 1- ~) (1- ~)] exp (1- ~ - ~ + ~:) Ax(r) dr = O.

Example 3 [see Fig. 2(e) and 2(f)].

S3 (t, T) = fJ(t)y(t, r)

where

In this case the complementarity condition becomes:

(3.17)

(3.18)

(3.19)

(3.20)

(3.21 )

(3.22)

(3.23)

(3.24)

It is worth noting that the substitution of the complementarity conditions eqn (2.11) with eqn
(3.1) is equivalent to the substitution of eqn (2.11) with:
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'"...
;
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c-.J
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lfl 0 ~ '".,.

0

0
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~

0 0
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Fig. 2. On the choice of the weight function S(t. r). Plot of the functions SI(t. r), S2(t, r). S3(t, r) and their derivatives
R1(t,r) = R1(r, t), Rz(t, r) = R2(r, t), R,(t, r) = R,(r, t) of examples I [eqn (3.17)], 2 [eqn (3.19)] and 3 [eqn (3.21)],
respectively.

(3.25)

where

A~ = (T S(t, r)AAr) dr
Jo

(3.26)
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represents a sort of weighted average of the function ..t over the time interval [0, n. Taking into
account eqns (3.2) and (3.5) and integrating by part the right-hand side of eqn (3.26) we can write:

A~ = r
T

R(t, r)A,(r) dr-
•°

(3.27)

This shows the role of the symmetric function R(t, r) = R(T, t). The plots of the R(t, T) functions
of Fig. 2, visualize the different weights given to the values of A., in the interval [0, n [in Fig. 2(b)
larger weights are given to A for t ----+ T while vanishing weights are given for t ----+ 0; in Fig. 2(d)
larger weights are given for t ----+ 0 and vanishing weights for t ----+ T; finally in Fig. 2( f) the larger
values are given around t = TI2].

3.3. Accuracy analysis for the approximate evolution problem

Suppose that (a) the solutions of the original and of the approximate problems exist and are
unique in the time interval ~T and (b) the solution of the original problem is of holonomic type,
that is t is either =0 or >0 over all the interval ~T. Under these hypotheses it is possible to prove
that the exact and the approximate solutions relevant to the same interval ~T coincide.

To this aim let us compare the new approximate problem ~P, eqns (3.6)-(3.16), with the original
one ~p, eqns (2.1)-(2.11), under the above hypotheses (a) and (b). The following can be said:

1. the two problems are different only for the complementarity conditions, eqns (2.11) and (3.16);
2. as a consequence of condition eqn (3.15), it follows that over all the same subinterval either

f~ S(t, T))" dr = 0 or >0:
3. from the preceding point 2 and from the hypotheses (a) and (b) it follows that the solutions of

the original problem ~j5 and of the approximate problem ~p coincide. In fact the approximate
complementarity condition, eqn (3.16), is satisfied in the time interval ~T by the solution of the
original problem ~j5, and so all of the remaining equations of the approximate problem ~p are
satisfied (coinciding with the corresponding equations of the original problem). Therefore,
owing to the assumed uniqueness of solution of both original and approximate problem, the
solution of the original problem ~j5 is also the solution of the approximate problem ~p in the
time interval ~T.

It is possible to show that for every loading history continuous in time and in the presence of a
space discretization (for instance by the application of the Finite Element Method) the solution
of the original problem j5 (over the whole time interval .Y) is amenable, in an exact way, to the
solution of a finite sequence of holonomic problems ~j5 each of which are relevant to time
subintervals defined by a finite number of distinct (a priori unknown) time instants
To < Ti < Tf < ... < T,~ < Tf (see De Donato and Maier, 1972 and 1973).

In the case of an a priori knowledge of the above time instants T7 (i = 1, ... ,n) it becomes
obvious that the set of approximate solutions for each subinterval coincides wilth the exact solution
relevant to the whole time interval .Y.

Of course, in the absence of an a priori knowledge of the above finite distinct instants T7
(i = I, ... ,11), the usual subdivision of the time interval :Y = [To, Til in a given number (for
instance equal) of subintervals, can lead to the coincidence of the exact and approximate unknown
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functions (with all their derivatives) only when the number of subintervals tend to infinity
uniformly.

Lastly, it is worth noting that, in the absence of a space discretization, it becomes far more
complex to make an accuracy analysis for every given function Set, r) as defined in Subsection 3.1.
In this context, studies of the authors are in progress on the existence of particular weight functions
Set, r) for which an a priori given degree of accuracy is assured.

3.4. Contractivity property of the approximate evolution problem

The elastic-plastic response (o-ij(t), eJt), illt), t(t)) of a solid to external actions (FhP;, . ..) is
"contractive" with respect to the Helmholtz free energy, i.e.:

(3.28)

where superscripts 1 and 2 denote two different states due to the same history of external actions
originating, at time t = 0, from different initial states of stresses (see e.g. Simo and Govindjee,
1991). Property eqn (3.28) is valid also for the response of the new approximated time-step problem
I1P (unbarred symbols). In fact, at each time step, using the principle of virtual work and taking
into account the semidefinite positiveness of H~fj, we have:

_ r I 2("'1 "'2)- - In«(Jij-(Jij) 7AaNaii-7A~Naii dO

~ L: r {A~ [4» (J~) - 4» (Jij)] +A; [4>a((J~) - 4>a «(J;j)]} dO.., In (3.29)

However, owing to eqns (3.14)-(3.16), the approximate holonomic time-step problem I1P must
satisfy, for every point Xi E 0 and on the entire time interval I1T, one of the following three
conditions:

and 4>a ~ 0

and t ~ 0

and A = 0a

(3.30)

(3.31)

(3.32)

which imply:

)o~4>a«(Jli) = 0, A;4>~«(J~) = 0 (3.33)

while the vice versa is obviously not true, i.e. eqns (3.33) do not imply eqns (3.14)-(3.16). Then,
by substitution of eqns (3.33) into inequality (3.29):
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(3.34):t [~iYijl-£r/)Dijhk(£h~-eh~)dQJ:::;; ~ In [A;cPi(]"~)+l;cP,((]":)]dn:::;; I)

because 2a :?: 0 and cPa :::;; O. This proves the contractivity property of the approximate time-step
problem ~P.

4. Extremum principles for holonomic finite-step initial/boundary value problem

Consider the following quadratic functional of the variables at(xb t) and ,~:(Xb t):

1J[at, A:] = _ IT I L:(Naijat-L:Haf)t+cP~))::dQdtJo Jn a fl

subject to the constraints:

at.j+Fi = 0 in n x ~T

atnl = Pi on r p x ~T

(4.1 )

(4.2)

(4.3)

in Qx~T (4.4)

ut=h'i onrux~T

$: = Naijat- L:HafJlff+cP~ :::;; 0 in Q x ~T
{i

1: :?: 0 in Q x ~T.

(4.5)

(4.6)

(4.7)

Statement 1: the fields ut(Xb t), at(Xb t), l:(Xb t) of displacements, stresses and plastic mul­
tipliers are the/a solution of the problem eqns (2.1 )-(2.11) ifand only if they minimize the functional
eqn (4.1) under the constraints eqns (4.2)-(4.7), provided the minimum is zero (otherwise the
problem has no solution).
The sign constraints eqns (4.6) and (4.7) imply that:

1J :?: 0

and that:

1J = 0 if and only if $:1: = o.

(4.8)

(4.9)

This proves statement 1. We note that statement 1 is a time-integrated form of the well known
statement of maximum plastic dissipation for the original problem ~P, eqns (2.1 )-(2.11) (see e.g.
Martin, 1975).

It is worth noting that the non-negativeness of the functional eqn (4.1) may be asserted anyway
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even in the case of lack of normality and/or non-positiveness of the hardening matrix H,II' The
non-negativeness of'P derives, in fact, only from the sign restrictions on ~b: and X:, i.e. eqns (4.6)
and (4.7).

A different form of the functional eqn (4.1), which is more useful for a comparison with previous
results, can be obtained by transforming the first addend of the functional eqn (4.1), by virtue of

('44)' d t' k' . t' t th 'd t't -*C .... * - 1 -*c .... * + 1 .,e*D ...." * C II .eqn '. an a mg m 0 accoun e 1 en I y ajjl)hkahk -2 a ii I)hkahk "i[.1) jjhkGhk' as 10 ows.

(4.10)

where to* = ~(ulj + ui.J - 'i.,N,j):- 0,1' Using the principle of virtual work, the third term of the
second member of eqn (4.10) becomes:

= _ r
T
r FtifidQdt- r

T
r pjuidrdt- rTJ' 6tnj ti',drdt. (4.11)

Jo J.l Jo Jrl' Jo r"
Finally the functional eqn (4.1), using eqns (4.11) and (4.10), becomes:

In the case of infinitesimal !J. T (incremental plasticity) and in the case of regular progression of
plastic strains (deformation theory), this functional splits into the sum of two other functionals
previously introduced by Capurso (1969). Capurso and Maier (1970) and Maier (1969b) (see
Appendix).

However, in general, the functional eqn (4.12) cannot be split into the sum of two simpler
functionals. This is essentially due to the lack of self-adjointness of the differential operator d(' )/dt
with respect to the usual scalar product, that is:

rT

ah dt -# rT

ilh dt.
Jo Jo (4.13)

Making use of the approximate complementarity condition eqn (3.1) it is possible to transform
the functional eqn (4.12) as follows:
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\fI[ut'U0,A~] = IT IT S(t,r) Gt c;j*(t)Dijhk8;;k*(r)dQ

+ l f U0(t)C,ihko"tk(r) dO+ L f A~(t)H~fJAt(r) dQIn ~Ji In
- f F,U)it1(r) dQ- f u;';U)njli',(r) di

In Jr"
- f p,(t)it1(r)di-L r ¢~A:(r)dO+ f uuU)8,i(r)dO]dtdrJrp , In In (4.14)

(4.15)

under the conditions eqns (4.2)-(4.7) rewritten for the approximate variable fields (i.e. with
unbarred symbols). This remark leads to the following:

Statement 2: the fields U1(Xb t), UU(Xb t), A:(Xk, t) of displacements, stn:sses and plastic mul­
tipliers are the/a solution of the holonomic problem !J.p (eqns (3.6)-(3.16» if and only if they
minimize the functional eqn (4.14) under the constraints eqns (4.2)-(4.7) (rewritten for the unbar­
red symbols), provided the minimum is zero (otherwise the problem has no solution).

In fact, the functional eqn (4.14) transforms into:

\fI = - L fT r ¢:U) eS(t, r)l:(r) dr dO dt, Jo In Jo
subject to the conditions:

¢:~O in Qx!J.T, ),:~O inOx!J.T.

We have, obviously:

\fI ~ 0

and

\fI = 0 ifandonlyif ¢:(t) fT SU, r)),:(r) dr = 0 in Qx!J.T.
Jo

(4.16)

(4.17)

(4.18)

This proves statement 2.
Differently from functional eqn (4.12), the functional eqn (4.14) can be split into the sum of two

simpler functionals \flU and \fib (i.e. \fI = \flU + \fib).

In fact, let us consider the following functionals:

where:
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subject to the constraints:

u;=w; onru xl1T

1, ~ 0 in 0 x 11 T

and

(4.20)

(4.21)

(4.22)

\fIh[O";j, A~] = r
T

r
T

Set, T) [-2
1

1 O";j(t)CUhko-~k(T) dO+1I 1 ),~(t)HafJA;l(T) dO
Jo Jo Q ~,fi Q

- r O";Jft)nj~V;(T) dr +1 0";j(t)I9u(T) dOJdtdT (4.23)Jru n
subject to:

O";j,j +F i = 0 in 0 x 11 T

O";jn j = Pi on r p x I1T

4>~ = N~;p;j- IH~fJ),;i+4>~ ::::; 0 in 0 x 11T.
fi

(4.24)

(4.25)

(4.26)

It is possible to verify that \fI = \fIa + \fIh and, moreover, the constraints relevant to functional \fI
are the union of the constraints relevant to functionals \fi" and \fIh,

Statement 3: the fields U;(Xk' t), i,(Xb t) of displacements and plastic multipliers which are a
solution of holonomic problem I1P (eqns (3.6)-(3.16)) (if a solution exists), make the functional
eqn (4.19) minimum under the constraints eqns (4.21)-(4.22), while the fields O";j(Xb t), A~(Xb t) of
stresses and plastic multipliers, which are a solution of the same holonomic problem, make the
functional eqn (4.23) minimum under the constraints eqns (4.24)-(4.26).
Proof. In order to prove the first part of the statement, it suffices to show that the difference

(4.27)

is always non-negative for any arbitrary Ui' t, satisfying conditions eqns (4.21)-(4.22). Assuming:

l1ui = u;-u;

I1Aa = t -A~

and integrating by part with respect to the Tvariable, the difference eqn (4.27) becomes

11\f1" = r
T

r
T

R(t, T) [11 I1sij(t)DUhk I1S;;k(T) dO+ 1 I r I1A~(t)HafJ I1Afi (T) dO
Jo Jo Q a.fl JQ

+ rs;j(t)DUhk I1Shk (T) dO+ I rAa(t)Hafi I1Afi(T) dO
JQ ~.ri JQ

(4.28)

(4,29)

(4.30)
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Taking into account the eqns (2.5), (2.6), (2.8) and (4.20), the third integral of the Lh.s. may be
transformed as follows:

(4.31)

and, for the Gauss lemma, it becomes:

r«(Jii(t)~u;(r))JdQ- r (Jij.it)~ui(r)dQ- r (Jij(t)IN~ij~),~(r)dQJo Jo Jo ~

= r (Jij(t)nJ~ulr)dr- r (Jij.j(t)~ui(r)dQ- r (Ji/t)INaij~A~(r)dQ. (4.32)Jrp Jo Jo a

Therefore, noting that the equilibrium equations are satisfied at the solution, we obtain:

Owing to eqn (3.4), the first integral of ~\{l" is always non-negative. The second integral, after
integration by part with respect to the variable r, can be rewritten as follows:

-I rT r cPa(t) rT

S(t,r)(t-).~)drdQdt.
~ Jo Jo Jo

By using relation eqn (3.1), every term of the sum eqn (4.34) reduces to

(4.34)

(4.35)

which, because of eqns (3.14), (3.3) and (4.22), is always non-negative and equal to zero if and
only if

LT S(t, r)t(r) dr = 0 where cPa < O.

This proves that

\{l"[aiJJ ~ \{l"[uh Aal

(4.36)

(4.37)

for any field ai' and la satisfying the conditions eqns (4.21 )-(4.22), the equality sign holding if
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U; = ui inOxl1T

A, = it, in 0 x 11 T.

Similarly, the proof of the second part of Statement 3 amounts to show that the difference

l1\{1h = \{Ih[O";j, ,{~] - \{Ih[O"U' it,]

(4.38)

(4.39)

(4.40)

is always non-negative for any arbitrary 0";/, A~ satisfying conditions eqns (4.24)-(4.26). Assuming:

the difference eqn (4.40) becomes

l1\{1h = faT LT R(t, T) [~In 1100;/t)Cijhk 1100hk(T) dO

+ ~ ~ In 11}.,(t)H,[II1,{[i(T) dT

+ I O"ij(t)C,jhk 1100hk(T) dO+ L I }.,(t)H,[II1,{[I(T) dOIn ,.[1 In

- I 1100ij(t)n}v;(T)dr+ I 1100ij(t)8ij(T)dO]dTdt.
Jr ll In

Using Gauss lemma, the difference l1\{1h reduces to:

(4.41 )

(4.42)

(4.43)

Owing to eqn (3.4), the first integral of 11\{Ih is always non-negative. The second integral, after
integration by part with respect to the variable T, can be rewritten as follows:

_L IT I (1)~(t) -1>,(t)) IT Set, T)},,(T) dT dO dt, Jo In Jo
and, by virtue of relation eqn (3.1), every term of the sum eqn (4.45) reduces to

_ IT I 1>~(t) IT S(t, r)),,(r) dr dO dt
Jo In Jo

which, because of eqns (4.26), (3.15) and (3.3), is always non-negative and equal to zero if

(4.45)

(4.46)
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c/J~(T) = 0 where rS(l, r),tCr) dr > O.

This proves that

201

(4.47)

(4.48)

for any field (J;j and ),~ satisfying the conditions eqns (4.24)-(4.26), the equality sign holding if

A~ =: A~ in n x !1T.

5. Time discretization and links with some classical integration rules

(4.49)

(4.50)

For the sake of simplicity, only the discretization of the functional 'l'G[Zl;, tJ of Statement 3 is
here considered.

In order to easily show the connection of the preceding results with some classical time integration
rules, among the numerous discretization schemes for the numerical solution of variational prob­
lems, the following usual space-time independent interpolations of the unknown fields a;, 1~ is
adopted:

a, = NU(t)U;(x)

j~ = Ni(t)A~(x)

(5.1)

(5.2)

where tilde means transposition. Vectors N"(t) and Ni,(t) collect suitable interpolation time func­
tions, while U;(x) and A~(x) represent vectors of unknown parameters. By substitution of eqns
(5.1) and (5.2) into the functional eqn (4.19) we have:

where

(5.3)

MU == LT LT R(T, r)NU(l)NII(r) dtdr (5.4)



(5.13)
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fiTM; = R(t, r)N/(t)N/(r) dtdr (5.5)
o 0

M"/' = f f: R(t, r)N"(t)N/(r) dtdr (5.6)

mr = iT iT R(t, r)F;(t)N/(r) dtdr (5.7)
o 0

mf = iT IT R(t, r)p;(t)N/(r) dtdr (5.8)
o 0

m;j! = faT faT R(t,r)Dijhkehk(t)NA(r)dtdr (5.9)

m~t = faT LT R(t, r)Dijhkehk(t)N/(r) dtdr (5.10)

iTrm; = R(t, r)N/(r) dtdr (5.11)
o 0

and

Eij = ~ (U;.j+ Uj,;)' (5.12)

It is easy to show that for a suitable choice of the weight function S(t, r) and for an appropriate
time approximation of the unknowns, some well known time integration schemes are recovered.
In particular if we assume that the unknowns are linear functions of time t (i.e. N"(t) = tfT,
N/(t) = tfT, U; = Uh Ax = Aa, where U; and Ax are the values of the unknowns at the end of the
time step [0, T]), eqns (5.1) and (5.2) assume the following form:

t
ui(t) = T U;

(5.14)

Moreover, assuming that the prescribed displacements H'i(t) are a linear function of time in [0, T]
and that llimho(e;(t)ft)! < CD, the functional eqn (5.3) transforms into the following:

\f'''[U" AJ = r
T

r
T

R(t, r) [(~ r E;jDijhkE1,k dn+ ~ I r AxHxfJAfJ dn)Jo Jo J.l x.li JQ ,

X ~~+(~ In ePAO)A~dn- In F;(t)Uidn- Ir/i(t)U;dr)~Jdtdr (5.15)

where
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1 T
Eij(t) = "2(Vi,;+ Vr,;)- I.N,ijA,-Oij(t)t (5.16)

,

subject to the constraints

Vi == wJT) on r,,; A, ~ O.

The optimality conditions for the discretized problem are (where:>:, f3 = 1, 2, ... ,m)

J: J~ R(t, r) [ 3 ir.;(t) -~r2 +F,(t) ~Jdr dt = 0 in Q

(5.17)

(5.18)

rTJ'T [ tr rJJo 0 R(t, r) 3ij(t)nr1'2 - p;(t) T dr dt = 0 onr" (5.19)

1 T
"2 (Vi.; + V r,;) = Eij(t) +I.N'ijA, +Oij(t) i- in Q

"

VI = wi(T) on r"
3ij(t) = Dij/ikE;;k(t)

<D,(t) = N,ij ((J~+3 ir (t) ~) - ~ H,(I ( ic~ +A(i ~) - r,

JTfT
R(t, r)<D,(t) -j;dr dt :S; 0

() ()

fTfT r
A, R(t, r)<D,(t) -- dr dt = O.

o 0 T

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

For R(t, r) = <5(t- T)<5(r - T) [<5(t) being the "Dirac delta function"], the set of previous eqns
(5.18)-(5.26) becomes:

3ij,;(T) +Fi(T) = 0 in Q

3ij(T)nr-pi(T) = 0 on r"

I
"2 (V,.; + Vi,i) = E1r( T) +L NaiiA, +0ii( T) in Q

,

3ij(T) = DiihkE'hk(T)

<D,(T) = Naii«(J~+3ii(T))- LHa(i(ic?+Afj)-r,
fI

(5.29)

(5.30)

(5.31)

(5.32)
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<ll~(T) ~ 0 (5.33)

A~ ? 0 (5.34)

A~<ll,(T) = 0 (5.35)

which can be generated by the backward difference method, while, for R(t, T) =
b(t-(Tj2»b(T-(Tj2», the set ofeqns (5.18)-(5.26) becomes:

~Sij.j (~)+Fi (~) = 0 in n (5.36)

~Sij (~)nj-Pi (~) = 0 on r p

Sij (~) = DijhkEhk (~)

<ll~ (~) = N~ii (~t+ ~Sij (~))- ~ H,fl (Ag + ~ Afi)-r,

<ll (~) ~ 0, 2 '"

A,<ll, (~) = O.

If ()i)t) is a linear function of time in [0, T] [i.e. ()ilt) = (t/T)()u(T)], tpe following holds:

E1j (~) == Eij(T), Su (~) == Su(T)

(5.38)

(5.39)

(5.40)

(5.41 )

(5.42)

(5.43)

(5.44)

(5.45)

and then the last set of equations, substituting in it identities eqn (5.45), corresponds to the set
which can be generated by the trapezoidal rule.

6. Illustrative example

A simple example of the use of the function \fIU[uh ~~], eqn (4.19), is presented in order to evidence
the easiness of using multiple degrees of freedom time discretization schemes for each time step
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!J.T. The well known Hodge's six-bar truss problem of Fig. 3 was considered (Hodge, 1973). Two
solutions were found, the first one, using ( for the unknown field Ui and Aa) th,~ linear shape function
f~(t) (see Fig. 4) as indicated in eqns (5.13) and (5.14); the second one, using the following quadratic
functions [see eqns (5.1) and (5.2)]:

12)~2)1)12)1-

2 3

5 6

u "
4

2J

-t-21Jl v Q ~ I

) --.r-"

(a)

T ~~~~-L..L....L-~~.L.....L..-.L-.~:L

I
L

~

F L F

Bar Yield Stress
1 Y
2 12 Y
3 8Y
4 20 Y
5 185 Y
6 130 Y

~L

L

(b)

Fig. 3. Hodge's six-bar truss considered for the numerical application of the proposed approximate formulation; (a)
geometry and loading, (b) mechanical properties of the vertical bars; Young's modulus E and cross section area A are
assumed equal for all bars.
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1.0 ----------------------

0.0

t
[(t) =­

o T [,(t) = T~(tT-t') [,(t) = ;, (2t' -Tt)

Fig. 4. Linear and quadratic shape functionsfi,(t),f; (t),f~(t) adopted in the numerical example.

uJt) = [II (t)

iit) = [I, (t)

(6.1)

(6.2)

where the shape functions !I(t) and I2(t) are given in Fig. 4, being U;h A~I and Un, A'2 the
displacements and the plastic multipliers at the mid point (l) and at the end (2) of the time step
interval, respectively. For both the linear and quadratic time interpolation schemes, the same
weight function S3(t, T) [eqn (3.21)] was used and the problem was reduced to the minimization of
a quadratic function under a set of linear inequality constraints.

For each approximation scheme, several solutions were found for different numbers (8, 12 and
16) of time discretization steps of the time interval [t*, Tt] where t* is the time of the first appearance
of the yielding in a bar (see Fig. 5). In Fig. 5 a comparison is shown between the exact and the
approximate solutions, while in Figs 6 and 7 percentage errors of displacements, rotations and
stresses are evaluated as a function of loading history and for different numbers of time steps. Of
course, when the exact solution vanishes, the percentage error is no longer significant. For this
reason, in Fig. 7 the results relevant to bars 1, 2, 3 and 4 are omitted; in fact, in those cases the
exact stress plots change in sign one or more times.

As foreseeable, better results are obtained by the analysis performed with a quadratic interp­
olation function.
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30 ..,.----------------~

(a)

o 50 100 150 200 250
Dimensionless load Q/AY

300

Linear time interpolation functions
Exact solution and
Quadratic time interpolation functions

20 --,-----------------~

>-0 15
'-­
b
til 10
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~ 5.....
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gj 0 +-!f:::::;;;;;~=====~J=::::::"'-===~~::fi
<lJ I

] -5 i
til I
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<lJ -10 I

S I

25 -15 :
I

:t*

(b)

300
- 20 +-----r---,----r--.--..-Lr---r-r--r-----r-~__.j

o 50 100 150 200 250
Dimensionless load Q/AY

Fig. 5. Hodge's exact solution (solid lines), in terms ofdisplacements (a) and of stresses (b), compared to the approximate
solutions (dashed lines) obtained through linear and quadratic time-interpolation functions with a fixed number (16) of
time steps. Both the linear and quadratic approximate solutions practically coincide with the exact stress response (b),
while some diJferences occur in the displacements for high value of Q, in the case of the linear time-approximation only
(a).
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It is worth noting that by using higher order interpolation functions it will be possible to capture
as accurately as desired any non-linear behaviour deriving from the nonlinearity of the hardening,
of the yield surface and of the elastic part of the constitutive law. However, capturing of the non­
linear behaviour due to the non-holonomic character of the constitutive law, is related to the
amplitude of the time step considered when the unloading processes occur inside the time step, so
the choice of the higher order interpolation functions has no effect.

Furthermore, it is worth noting that, in the time step where unloading occurs, the percentage
error of the stress state associated to a vanishing value of the plastic multiplier )., (corresponding
to regions where 2~ == 0) may become large independently of the order of the interpolation function
assumed, as the real value of the yield function (fJ, may be largely negative, while, in the numerical
computation, ¢, = O.

Finally, in Fig. 8 some comparisons among the results of the proposed method with those of
classical techniques, are shown. Figures 8(a) and 8(b) show the numerical results in terms of vertical
displacement u and rotation cp, respectively. The results concerning the vertical displacement v
and the rotation eare omitted, because all the approximate methods give results very close to the
exact solution. Figure 8(c) shows the comparisons in terms of stress in bar I. The analogous plots
for the other bars are omitted because of the substantial agreement of all the approximate solutions
with the exact one. It appears that the proposed method gives results in good accordance with
those of the trapezoidal rule, but in any case with smaller oscillations. This seems to be a
consequence of the choice of the weight function. In fact, the adopted weight function R3 [see Fig.
2( f)] takes larger values around t = r = Tl2 and in some way simulates the behaviour of the
trapezoidal rule which (as shown in the previous section) has a "Dirac delta function" at
t = r = Tl2 as weight function.

7. Concluding remarks

For an elastic-plastic material with piecewise-linearized yield surface, linear hardening and
associated constitutive law, in the context of small strains and displacements, the following results
have been achieved:

(I) An extremal formulation was developed for the finite single time step solution of the elastic­
plastic problem, for each given loading process, taking into account the fully non-holonomic
material behaviour (local-unloading included).

(2) It has been shown that the above functional specializes to the sum of other functionals already
introduced by Capurso and by Maier, if an infinitesimal time step or a finite time step with a
holonomic constitutive law are considered.

(3) Through a suitable change of the complementarity condition the elastic-plastic problem has
been transformed into an approximate holonomic version. The elastic-plastic response of the
new holonomic problem is contractive with respect to the Helmholtz free energy.

(4) Two extremal formulations of the new holonomic problem have been established, which
characterize the complete evolution of the body response in a prescribed time interval.

(5) Finally, by the adoption of shape functions over the whole time interval it has been shown
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Fig. 8. Comparison between the exact solution of the problem of Fig. 3 and the numerical solutions obtained by the
proposed method (using linear time approximation) and by other known methods (forward difference, backward
differences and trapezoidal rule); (a), (b) comparison in terms of displacements; (c), (d) comparison in terms of
rotations; (e), (f) comparison in terms of stresses.
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how well-known integration schemes for the solution of the original problem are equivalent
to the equations governing the new holonomic problem.

The following remarks are worth making:

(a) In contrast to classical formulations, the present one allows for the discretization of the elastic­
plastic problem both in time and space, particularly with Ritz-type discretization in time.

(b) The choice of the weight function S(t, r) allows one to define a priori the idealization adopted
for the real problem and then, when the solution of the corresponding new holonomic
formulation is found, it is possible to know the idealization of the real problem that the
solution corresponds to. In general, this correspondence is not known, owing to the difficulty
of determining the consequences of the time discretization schemes adopted in order to find a
numerical solution.

(c) A major advantage of the possibility to choose the approximate schemes of the real behaviour
(using suitable weight functions S(t, r») is that the choice can be made in such a way to have
an a priori guarantee of important solution properties such as existence, uniqueness and
stability that are generally not so easy to establish.

(d) Finally, it is expected that the proposed formulation may be extended to more general
constitutive laws, as in the case of non-linear hardening and non-linearized yield surface. This
topic, together with the study of the influence of the choice of the weight function S(t, r) on
the numerical results, may be the object of further investigations.
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Appendix

Link with known incremental theorems

Consider an infinitesimal increment ofexternal actions dF;, dp;, dw;, dO;; in a time step dt, starting
at the initial time to from a known state F?, p;', w?, eg, ag, eg and ),~. The increasing quantities can
be written as:

ui = u? +du;
-*_oo+d'*(;;1 - '~ii (;;1

-* - °+d-*a'l - (T,/ a'l

X; = A~ +dA:;

Dropping an unessential constant, the functional eqn (4.12) becomes:

(AI)
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(A2)

- r(F?+dF;)u~dn- r ((J~+dO'U)njli'idrIn ,-,r/I

- Lp(P~)-dP;)Mdr+~LrJ;dn+ L((J~+dO'j)eijdO]dt.

In eqn (A2) all time integrals (in consideration of infinitesimal time step) and some unessential
constants can be removed. Then:

+ L r dX;H~/idJ.tdn- r dFidu~dO- r dpidu~dr
~.Ii In In Jrp

- r dO'Unj dH'i dr + r dO'U deij dO - L ( 4>~ dA;dQJru In ~ In

(A3)

(A4)

where we write:

4>~ = 4>~(O) = Nwp~-r~- LH~/IAg.
Ii

Let n p denote the region of 0 in which 4>~ = 0 and Oc the remaining part of O. Now we write
functional (A2) in the form:

'P[du~, dO'U, dJ;] = qJ I [du~, dO'U' dX;] +qJ 2 [dX;] (AS)

where, taking into account that 4>~ = 0 in Op:

- - lr l(
\II I [du~, dO'U' d.1;] = 2In dO'UCijhk dO'tk dO+ 2In dtij*Dijhk dthk dO

+ L r dA;H~/idJ.tdO- r dFidu~dO- r dpidu;~dr
~J~ In J~

- r dO'Unj dw; dr + r dO'U deij dOJru In
'P2 [dX:] = L r dA;H~lidXtdO-L r 4>~dA;dn.

~.Ii Jnc ~ In,
By substituting eqn (A I) into the linear constraints eqns (4.2)~(4.7) we obtain:

(A6)

(A7)
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d60.j+dFi = 0 in n (A8)

d60n; = dpi on r p (A9)

dil; == dw; on r"

¢~ +dCf;: ~ 0 in ne

dl.: ~~ 0 in ne .

inn (AlO)

(All)

(AI2)

(AI3)

(A14)

(A15)

In the elastic zone ne the constraint eqn (A 14) is certainly satisfied for every dCf;:, since it is
infinitesimal with respect to Cf;:; then it can be omitted. The problem:

min. {\P = \P[dil;,d60,dA::J subject to (A8)-(AI5)}
do; "dl7t.d;_~

can be regarded as:

.mip_. {\PI = \Pddil;, d60, dA::J subject to (A8)-(AI5)}
da i ,daij,d/.y

(AI6)

+m!? {\P2 = \P2[dJ.:J subject to (A l5)}. (A 17)
d/.)'

In fact, either the unknown functions of \P I are not present in \P2 and vice versa, or, if they are
present in both the functionals, they pertain to domains with a vanishing intersection. The solution
of the minimum problem:

m!? {\P 2 = \P2[d2:J subject to (AI5)} (A18)
d/. y

is obviously:

dl:: =, 0 in nf •

Therefore, the original minimum problem can be replaced by the following:

(AI9)

subject to (A8)-(A 13)}. (A20)

Functional eqn (A6), derived from eqn (4.12) for an infinitesimal time-step, subject to the con­
straints eqn (A8)-(A 13), is equivalent to the sum of previous functionals introduced by Capurso
(1969) and Capurso and Maier (1970).

Link lvith known holonomic, .finite time-interval theorems

By integration by part, using the principle of virtual work and the relation eqn (4.4), the
functional eqn (4.12) becomes:
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+ ~L ( A;(T)Hry.fJ.t(T) do.+ L (1 ( O'tNai/A;do.dt
2 ,,ji In , J() In

- ( F;(T)u;(T) do.- ( 6t(T)niH";(T) dr - ( p;(T)u;(T) dr
In Jr" Jrp

+L ( 1');(T) do.+ ( 6t(T)O;/T) do.., In In (A21)

Consider the particular case of regular progression of plastic strains (A; monotonously increasing).
i.e. a loading history which never causes elastic unloading. As a consequence, A; = 0 everywhere
until plastic deformations appear for the first time (at t :::;; t); whereas for any t > t we have
¢; = O. Therefore the following must hold:

"'*N 1* - 0(J1i :xijAy'-

since A; = 0 for t :::;; t, while <p; = 0 for t > t from which 4>; = 0, i.e.:

"'*N - H "'*(iii ,;; - >fi'1.fi ·

(A22)

(A23)

As a consequence of eqns (A22) and (A23) the unknown functions u;(x" t), 6t(X" t), A;(X" t),
depend only on the final time T. Then the functional eqn (A21) becomes:

- - 1 r
'P[uiCT), t;j*( T), 6t(T), ).;( T)] = .2 In 6'1;( T)Cihk 6td T) dO.

+ ~ ( t,'j'(T)Di/hkt;;t(T) dO.
~ In

+ L ( A;(T)H,fJct(T) do.- ( F;(T)ii;(T) do.- r 6;)(T)ni H";(T) d]~
xi! In In Jr"

- ( Pie T)u;( T) dr + L ( 1');( T) dO. + ( 6t( T)(};/( T) dO..Jr;, x In In (A24)

As a consequence of the increasing monotony of I~: and of (A22), (An), being qJ now only

dependent on T values, the constraints eqns (4.2)-(4.7) become (the condition 1; ~ 0 being changed
with A; ~ 0):

6t.JT)+F;(T) = 0 in 0.

6t(T)ni = p;(T) on fl'

(A25)

(A26)

(An)
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u;(T) = wi(T) on r"

(fJ;( T) = N,ij6fJ( T) - L HxpA%( T) - r, :::;: 0 in Q
Ii

A;(T) ~ 0 in Q.
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(A28)

(A29)

(A30)

Functional eqn (A24), derived from eqn (4.12) on the assumption of a finite holonomic time step
and subject to the constraints eqns (A25)--(A30), is equivalent to the sum of two other functionals
previously introduced by Maier (l969b).
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